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1 SUPPLEMENTARY EQUATIONS
1.1 Cramér-Rao lower bound with unknown background

Cramér-Rao lower bound when lifetime τ and background fraction b need to estimated simultaneously:
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with χ = T/τ . Lin denotes the nth polylogarithm.

Limit for no background (b→ 0):
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Limit for an infinite measurement window (T →∞):

lim
χ→∞
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(S3)

1.2 Cramér-Rao lower bound with known background
Cramér-Rao lower bound when the background fraction b is known and only the lifetime τ needs to

estimated:
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Limit for no background (b→ 0):
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Limit for an infinite measurement window (T →∞):
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2 SUPPLEMENTARY TABLES AND FIGURES

Figure S1. Effect of background and finite measurement period on the lifetime uncertainty: The F-value,
defined as the ratio of the CRLB στ to the shot-noise limit (limT→∞ limb→0 στ = τ/

√
N ), only depends

on the ratio τ/T but not τ and T separately. For (A), it is assumed the background needs to be estimated,
for (B) that the background is known. A known background decreases the F-value and therefore reduces the
theoretical lifetime uncertainty. The ◦ marker in (A) indicates the parameters of the simulation presented in
figure 1, the × markers the parameters for the additional simulations in the supplementary figures.

τ (ns) b T (ns) ∆T (ns) Figure

2.0 0.20 25.0 0.016 S3
2.0 0.20 25.0 0.160 S4
2.0 0.20 12.5 0.016 S5
1.0 0.20 25.0 0.016 S6
2.0 0.10 25.0 0.016 S7
2.0 0.05 25.0 0.016 S8
2.0 0.30 25.0 0.016 S9
2.0 0.50 25.0 0.016 S10
2.0 0.50 12.5 0.016 S11
1.0 0.05 25.0 0.016 S12

Table S1. List of additional simulations with an overview of their parameters. Parameter different to the
conditions in the first row are highlighted in bold.
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Figure S2. Distribution of the estimated background (A) and number of photons (B) for the simulated
decay curves corresponding to figure 1. For the MLE, the number of photons is not a fit parameter but
estimated by the number of photons in the simulated decay. (C) Median estimated lifetime in dependency
of the number of photons in the decay for the different estimators.

Figure S3. Performance of different lifetime estimators in dependence of the number of photons: Based
on simulated decays with lifetime τ = 2 ns, background b = 20 %, repetition period T = 25 ns, and time
resolution ∆t = 0.016 ns. These parameters are equivalent to the simulation in figure 1. For each photon
number, 104 decays were simulated and fitted. (A) Standard deviation of the fitted lifetimes and analytical
CRLB. (B) Median of the fitted lifetimes. (C) Median of the fitted background. (D) Median of the fitted
number of photons normalized by the expected number of photons.



Figure S4. Same as figure S3, but for a lower time resolution. Simulation parameter: lifetime τ = 2 ns,
background b = 20 %, repetition period T = 25 ns, and time resolution ∆t = 0.160 ns.

Figure S5. Same as figure S3, but for a decreased repetition period. Simulation parameter: lifetime
τ = 2 ns, background b = 20 %, repetition period T = 12.5 ns, and time resolution ∆t = 0.016 ns.

Figure S6. Same as figure S3, but for a decreased lifetime. Simulation parameter: lifetime τ = 1 ns,
background b = 20 %, repetition period T = 25 ns, and time resolution ∆t = 0.016 ns.



Figure S7. Same as figure S3, but for a lower background. Simulation parameter: lifetime τ = 2 ns,
background b = 10 %, repetition period T = 25 ns, and time resolution ∆t = 0.016 ns.

Figure S8. Same as figure S3, but for a lower background. Simulation parameter: lifetime τ = 2 ns,
background b = 5 %, repetition period T = 25 ns, and time resolution ∆t = 0.016 ns.

Figure S9. Same as figure S3, but for a higher background. Simulation parameter: lifetime τ = 2 ns,
background b = 30 %, repetition period T = 25 ns, and time resolution ∆t = 0.016 ns.



Figure S10. Same as figure S3, but for a higher background. Simulation parameter: lifetime τ = 2 ns,
background b = 50 %, repetition period T = 25 ns, and time resolution ∆t = 0.016 ns.

Figure S11. Same as figure S3, but for a higher background and decreased repetition period. Simulation
parameter: lifetime τ = 2 ns, background b = 50 %, repetition period T = 12.5 ns, and time resolution
∆t = 0.016 ns.

Figure S12. Same as figure S3, but for a lower background and lower lifetime. Simulation parameter:
lifetime τ = 1 ns, background b = 5 %, repetition period T = 25 ns, and time resolution ∆t = 0.016 ns.



Figure S13. Lifetime distribution for simulated lifetime variations in the sample: Assuming normal
distributed single-molecule lifetimes with mean 2.0 ns and standard deviation σsample = 0.20 ns, the
TCSPC-histograms of 1000 molecules were simulated (b = 0.20, T = 25 ns, and ∆t = 0.016 ns) and fitted
with an MLE grid search. This was repeated for 30 different average photon numbers. (A) Distribution
of the fitted lifetime values (red), expected CRLB-limited distribution (blue) for lifetime 2 ns and the
simulated photon numbers, CRLB-limited distribution with an additional broadening (green), and lifetime
values of the simulated molecules (gray). (B) Dependence of the standard deviation of the fitted lifetimes
on the number of photons. With an increasing number of photons, the standard deviation (red) approaches
the simulated variance of the sample σsample = 0.2 ns. Based on the simulated data, an intrinsic variance of
0.198 ns is estimated which agrees well with the simulated variance. The green line represents (σ2

τ + σ2
sample)

1/2

with variance σ2τ calculated by the CRLB (blue) and the intrinsic variance of the sample σ2sample.

Figure S14. Number of photon dependence of the single-molecule lifetime distribution for the two data
sets presented in figure 3: The data of the single molecules was ordered by number of photons in the TCSPC
histogram and divided into 30 group. For each group, the mean and standard deviation were calculated.
As indicated by the insets, (A) is based on a dSTROM measurement of a cell, (B) on a measurement of
DNA-functionalized micro-beads.



Figure S15. Classification by pattern matching: (A) normalized reference decay curves from samples with
only Alexa 647 or Atto 655. (B) lifetime distribution of the single molecules classified as either Alexa 647
or Atto 655. Data from multiple samples with Alexa 647 or Atto 655 was combined and classified based on
the reference curves in (A). (C) lifetime distribution of the single molecules from samples with only Alexa
647 or Atto 655.





Derivation of the CRLB

Probability distribution

We assume a continues, mono-exponential probability distribution p with a constant background. 
The probability distribution is normalised over the range 0 to T. Therefore, the expectation value is 
given by n p.
The following variables are used:
t: time
τ: fluorescence lifetime
T: pulse repetition period/measurement window
b: background fraction (b = 0, no background; b = 1 only background)
n: number of photons in decay

In[1]:= pAssumptions = { t ≥ 0 , T > 0, τ > 0, 1 > b ≥ 0, n > 0, χ > 0, {t, T, τ, b, n, χ} ∈ Reals};

p = FullSimplify1 - b *

PDFExponentialDistribution1  τ, t  CDFExponentialDistribution1  τ, T +

b  T, pAssumptions, ExcludedForms → {Exp[_]}

Out[2]=
b

T
+

-1 + b ⅇ
-

t

τ

-1 + ⅇ
-

T

τ τ

Check normalization:

In[3]:= 
0

T

p ⅆt

Out[3]= 1

CRLB for a known background

In this case only the lifetime needs to be estimated (θ = {τ}) and the Fisher matrix f  has just one 
entry.



In[4]:= fττ = Integrate(∂τ Log[n * p])2 * (n * p), {t, 0, T}, Assumptions → pAssumptions

Out[4]= - n b T3 + ⅇT/τ T3 - b ⅇT/τ T3 + 2 b T2 τ - 2 b ⅇT/τ T2 τ - T τ2 + 2 b T τ2 + 2 ⅇT/τ T τ2 - 4 b ⅇT/τ T τ2 -

ⅇ
2 T

τ T τ2 + 2 b ⅇ
2 T

τ T τ2 + b T2 τ Logb -1 + ⅇT/τ τ  T - b T + b -1 + ⅇT/τ τ -

2 b ⅇT/τ T2 τ Logb -1 + ⅇT/τ τ  T - b T + b -1 + ⅇT/τ τ +

b ⅇ
2 T

τ T2 τ Logb -1 + ⅇT/τ τ  T - b T + b -1 + ⅇT/τ τ -

b T2 τ LogⅇT/τ T - b T + b -1 + ⅇT/τ τ - 2 b T τ2 LogⅇT/τ T - b T + b -1 + ⅇT/τ τ +

2 b ⅇT/τ T τ2 LogⅇT/τ T - b T + b -1 + ⅇT/τ τ -

b τ3 LogⅇT/τ T - b T + b -1 + ⅇT/τ τ + 2 b ⅇT/τ τ3 LogⅇT/τ T - b T + b -1 + ⅇT/τ τ -

b ⅇ
2 T

τ τ3 LogⅇT/τ T - b T + b -1 + ⅇT/τ τ +

2 b T2 τ LogT - b T + b -1 + ⅇT/τ τ  b -1 + ⅇT/τ τ -

2 b ⅇT/τ T2 τ LogT - b T + b -1 + ⅇT/τ τ  b -1 + ⅇT/τ τ +

2 b T τ2 LogT - b T + b -1 + ⅇT/τ τ  b -1 + ⅇT/τ τ -

4 b ⅇT/τ T τ2 LogT - b T + b -1 + ⅇT/τ τ  b -1 + ⅇT/τ τ +

2 b ⅇ
2 T

τ T τ2 LogT - b T + b -1 + ⅇT/τ τ  b -1 + ⅇT/τ τ +

b T2 τ Log-b τ + ⅇT/τ T - b T + b τ + 2 b T τ2 Log-b τ + ⅇT/τ T - b T + b τ -

2 b ⅇT/τ T τ2 Log-b τ + ⅇT/τ T - b T + b τ + b τ3 Log-b τ + ⅇT/τ T - b T + b τ -

2 b ⅇT/τ τ3 Log-b τ + ⅇT/τ T - b T + b τ + b ⅇ
2 T

τ τ3 Log-b τ + ⅇT/τ T - b T + b τ -

2 b -1 + ⅇT/τ τ2 T + τ - ⅇT/τ τ PolyLog2, -1 + b ⅇT/τ T  b -1 + ⅇT/τ τ +

2 b -1 + ⅇT/τ τ2 ⅇT/τ (T - τ) + τ PolyLog2, T - b T  b τ - b ⅇT/τ τ -

2 b τ3 PolyLog3, -1 + b ⅇT/τ T  b -1 + ⅇT/τ τ +

4 b ⅇT/τ τ3 PolyLog3, -1 + b ⅇT/τ T  b -1 + ⅇT/τ τ -

2 b ⅇ
2 T

τ τ3 PolyLog3, -1 + b ⅇT/τ T  b -1 + ⅇT/τ τ +

2 b τ3 PolyLog3, T - b T  b τ - b ⅇT/τ τ -

4 b ⅇT/τ τ3 PolyLog3, T - b T  b τ - b ⅇT/τ τ +

2 b ⅇ
2 T

τ τ3 PolyLog3, T - b T  b τ - b ⅇT/τ τ  -1 + ⅇT/τ
2
T τ4

Mathematica needs some help with the simplification : We need to reduce all Log expressions and 
collect the τ to enable cancelling them. 
For efficient numerical evaluation, Powers are expanded again to avoid errors by to large argu-
ments in the Log. The terms with PolyLog are grouped to minimise calls to PolyLog.

In[5]:= SimplifyCRLB[exprs_] := AssumingpAssumptions,

Simplify

Simplifyexprs //. Log[a_] + Log[b_] ⧴ Log[a * b], x_ * Log[a_] ⧴ Log[a^x],

a_ * τ + b_ * τ ⧴ a + b * τ (* Cancel τ in the log terms *)

//. Log[a_ * b_^x_] ⧴ Log[a] + x * Log[b],

a_ * PolyLog[x_, c_] + b_ * PolyLog[x_, c_] ⧴ a + b * PolyLog[x, c]

(* Optimise for numerical evaluation *)



We substitute the repetition period with a relative repetition period: χ = T /τ

The CRLB (στ
2) is given the inverse Fisher matrix:
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In[6]:= στSQ = SimplifyCRLB1  fττ //. {T → χ τ}

Out[6]= --1 + ⅇχ2 τ2 χ 

n -χ + 2 b χ + 2 ⅇχ χ - 4 b ⅇχ χ - ⅇ2 χ χ + 2 b ⅇ2 χ χ + 2 b χ2 - 2 b ⅇχ χ2 + b χ3 + ⅇχ χ3 - b ⅇχ χ3 -

2 b -1 + ⅇχ -1 + ⅇχ - χ χ Log[b] + Log[-1 + ⅇχ] - Logb -1 + ⅇχ - χ + χ +

b -1 + ⅇχ2 χ2 Logb -1 + ⅇχ - Logb -1 + ⅇχ - χ + χ -

b 1 - ⅇχ + χ2 Logⅇχ b -1 + ⅇχ - χ + χ  -b + ⅇχ b + χ - b χ +

2 b -1 + ⅇχ 1 + ⅇχ -1 + χ PolyLog2, -1 + b χ  b -1 + ⅇχ +

2 b -1 + ⅇχ -1 + ⅇχ - χ PolyLog2, -1 + b ⅇχ χ  b -1 + ⅇχ +

2 b -1 + ⅇχ2 PolyLog3, -1 + b χ  b -1 + ⅇχ -

2 b -1 + ⅇχ2 PolyLog3, -1 + b ⅇχ χ  b -1 + ⅇχ

Limit for zero background:

In[7]:= AssumingpAssumptions, FullSimplify1  Limit1  στSQ, b → 0, Direction → "FromAbove"

(* The limits of 1στSQ are somehow much faster to compute. *)

Limit : Warning: Assumptions that involve the limit variable are ignored.

Out[7]= -2 τ2 -1 + Cosh[χ]  n 2 + χ2 - 2 Cosh[χ]

Limit for infinite pulse period:

In[8]:= 1  Limit1  στSQ, χ → ∞, Assumptions → pAssumptions, Direction → "FromBelow"

Limit : Warning: Assumptions that involve the limit variable are ignored.

Out[8]= τ2  n - b n

CRLB for an unknown background

Now lifetime and background need to be estimated (θ = {τ,b}). The Fisher matrix has the form 

f = 
fττ fτb
fτb fbb

.

Calculate fτb and fbb, and assemble Fisher matrix.
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In[9]:= fτb =

Integrate[(∂τ Log[n * p]) * (∂b Log[n * p]) * (n * p), {t, 0, T}, Assumptions → pAssumptions]

Out[9]= - n 2 T2 - b T2 + b ⅇT/τ T2 + 2 T τ - 2 ⅇT/τ T τ - 2 T τ LogⅇT/τ T - b T + b -1 + ⅇT/τ τ -

2 τ2 LogⅇT/τ T - b T + b -1 + ⅇT/τ τ + 2 ⅇT/τ τ2 LogⅇT/τ T - b T + b -1 + ⅇT/τ τ +

2 T τ LogT - b T + b -1 + ⅇT/τ τ  b -1 + ⅇT/τ τ -

2 b T τ LogT - b T + b -1 + ⅇT/τ τ  b -1 + ⅇT/τ τ -

2 ⅇT/τ T τ LogT - b T + b -1 + ⅇT/τ τ  b -1 + ⅇT/τ τ +

2 b ⅇT/τ T τ LogT - b T + b -1 + ⅇT/τ τ  b -1 + ⅇT/τ τ +

2 b T τ Log1 - b -1 + ⅇT/τ τ  -1 + b T - 2 b ⅇT/τ T τ

Log1 - b -1 + ⅇT/τ τ  -1 + b T + 2 T τ Log-b τ + ⅇT/τ T - b T + b τ +

2 τ2 Log-b τ + ⅇT/τ T - b T + b τ - 2 ⅇT/τ τ2 Log-b τ + ⅇT/τ T - b T + b τ +

2 -1 + b -1 + ⅇT/τ τ2 PolyLog2, -1 + b ⅇT/τ T  b -1 + ⅇT/τ τ -

2 b -1 + ⅇT/τ τ2 PolyLog2, b -1 + ⅇT/τ τ  -1 + b T -

2 b τ2 PolyLog2, - b 1 - ⅇ
-

T

τ τ  T - b T  +

2 b ⅇT/τ τ2 PolyLog2, - b 1 - ⅇ
-

T

τ τ  T - b T  - 2 τ2

PolyLog2, T - b T  b τ - b ⅇT/τ τ + 2 b τ2 PolyLog2, T - b T  b τ - b ⅇT/τ τ +

2 ⅇT/τ τ2 PolyLog2, T - b T  b τ - b ⅇT/τ τ -

2 b ⅇT/τ τ2 PolyLog2, T - b T  b τ - b ⅇT/τ τ  2 -1 + b -1 + ⅇT/τ T τ2

In[10]:= fbb = Integrate(∂b Log[n * p])2 * (n * p), {t, 0, T}, Assumptions → pAssumptions

Out[10]= n T - b T + τ LogT - b T + b -1 + ⅇT/τ τ - τ Log-b τ + ⅇT/τ T - b T + b τ  -1 + b2 b T

In[11]:= f = {{fττ, fτb}, {fτb, fbb}};

The CRLB (στ
2) is given the first diagonal element of the inverse Fisher matrix:

In[12]:= στSQ = SimplifyCRLB[First@First@Inverse[f //. {T → χ τ}]]

Out[12]= -4 -1 + ⅇχ2 τ2 χ χ - b χ + Logb -1 + ⅇχ - χ + χ - Log-b + ⅇχ b + χ - b χ 

n b 2 χ - 2 ⅇχ χ + 2 χ2 - b χ2 + b ⅇχ χ2 - 2 b -1 + ⅇχ χ Log1 - b -1 + ⅇχ  -1 + b χ -

2 -1 + b -1 + ⅇχ χ Log[b] + Log[-1 + ⅇχ] - Logb -1 + ⅇχ - χ + χ +

2 -1 + ⅇχ - χ Logⅇχ b -1 + ⅇχ - χ + χ  -b + ⅇχ b + χ - b χ -

2 b -1 + ⅇχ PolyLog2, b -1 + ⅇχ  -1 + b χ -

2 -1 + b -1 + ⅇχ PolyLog2, -1 + b χ  b -1 + ⅇχ +

2 -1 + b -1 + ⅇχ PolyLog2, -1 + b ⅇχ χ  b -1 + ⅇχ +

2 b -1 + ⅇχ PolyLog2, -b - b ⅇ-χ  χ - b χ
2
+

4 χ - b χ + Logb -1 + ⅇχ - χ + χ - Log-b + ⅇχ b + χ - b χ

-χ + 2 b χ + 2 ⅇχ χ - 4 b ⅇχ χ - ⅇ2 χ χ + 2 b ⅇ2 χ χ + 2 b χ2 - 2 b ⅇχ χ2 + b χ3 + ⅇχ χ3 - b ⅇχ χ3 -

2 b -1 + ⅇχ -1 + ⅇχ - χ χ Log[b] + Log[-1 + ⅇχ] - Logb -1 + ⅇχ - χ + χ +

b -1 + ⅇχ2 χ2 Logb -1 + ⅇχ - Logb -1 + ⅇχ - χ + χ -

b 1 - ⅇχ + χ2 Logⅇχ b -1 + ⅇχ - χ + χ  -b + ⅇχ b + χ - b χ +

2 b -1 + ⅇχ 1 + ⅇχ -1 + χ PolyLog2, -1 + b χ  b -1 + ⅇχ +

2 b -1 + ⅇχ -1 + ⅇχ - χ PolyLog2, -1 + b ⅇχ χ  b -1 + ⅇχ +

2 b -1 + ⅇχ2 PolyLog3, -1 + b χ  b -1 + ⅇχ -

2 b -1 + ⅇχ2 PolyLog3, -1 + b ⅇχ χ  b -1 + ⅇχ

Limit for zero background:
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In[13]:= AssumingpAssumptions, FullSimplify1  Limit1  στSQ, b → 0, Direction → "FromAbove"

(* The limits of 1στSQ are somehow much faster to compute. *)

Limit : Warning: Assumptions that involve the limit variable are ignored.

Out[13]= 4 τ2 2 + χ2 - 2 Cosh[χ] Sinhχ  2 

n -4 χ3 Coshχ  2 + 12 + 12 χ2 + χ4 Sinhχ  2 - 4 Sinh3 χ  2

Limit for infinite pulse period:

In[14]:= 1  Limit1  στSQ, χ → ∞, Assumptions → pAssumptions, Direction → "FromBelow"

Limit : Warning: Assumptions that involve the limit variable are ignored.

Out[14]=
τ2

n - b n

Independence of CRLB of τ and b on N

To demonstrate that the CRLB of τ and b are independent of the uncertainty of the number of 

photons N, we evaluate the full (θ = {τ,b,N}) Fisher matrix  f =
fττ fτb fτN
fτb fbb fbN
fτN fbN fNN

 and show that the 

off-diagonal entries with N, i.e. fτN and fbN are zero.

In[15]:= fτN =

Integrate[(∂τ Log[n * p]) * (∂n Log[n * p]) * (n * p), {t, 0, T}, Assumptions → pAssumptions]

Out[15]= 0

In[16]:= fbN =

Integrate[(∂b Log[n * p]) * (∂n Log[n * p]) * (n * p), {t, 0, T}, Assumptions → pAssumptions]

Out[16]= 0

For a infinite pulse period, all diagonal entries vanish:

In[17]:= Limit[fτb, T → ∞, Assumptions → pAssumptions, Direction → "FromBelow"]

Limit : Warning: Assumptions that involve the limit variable are ignored.

Out[17]= 0
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CRLB of the background estimation

In[18]:= σbSQ = SimplifyCRLB[Last@Last@Inverse[f //. {T → χ τ}]]

Out[18]= 4 -1 + b2 χ -χ + 2 b χ + 2 ⅇχ χ - 4 b ⅇχ χ - ⅇ2 χ χ + 2 b ⅇ2 χ χ + 2 b χ2 - 2 b ⅇχ χ2 + b χ3 + ⅇχ χ3 -

b ⅇχ χ3 - 2 b -1 + ⅇχ -1 + ⅇχ - χ χ Log[b] + Log[-1 + ⅇχ] - Logb -1 + ⅇχ - χ + χ +

b -1 + ⅇχ2 χ2 Logb -1 + ⅇχ - Logb -1 + ⅇχ - χ + χ -

b 1 - ⅇχ + χ2 Log
ⅇχ b -1 + ⅇχ - χ + χ

-b + ⅇχ b + χ - b χ
 + 2 b -1 + ⅇχ 1 + ⅇχ -1 + χ

PolyLog2,
-1 + b χ

b -1 + ⅇχ
 + 2 b -1 + ⅇχ -1 + ⅇχ - χ PolyLog2,

-1 + b ⅇχ χ

b -1 + ⅇχ
 +

2 b -1 + ⅇχ2 PolyLog3,
-1 + b χ

b -1 + ⅇχ
 - 2 b -1 + ⅇχ2 PolyLog3,

-1 + b ⅇχ χ

b -1 + ⅇχ
 

n 2 χ - 2 ⅇχ χ + 2 χ2 - b χ2 + b ⅇχ χ2 - 2 b -1 + ⅇχ χ Log1 -
b -1 + ⅇχ

-1 + b χ
 -

2 -1 + b -1 + ⅇχ χ Log[b] + Log[-1 + ⅇχ] - Logb -1 + ⅇχ - χ + χ +

2 -1 + ⅇχ - χ Log
ⅇχ b -1 + ⅇχ - χ + χ

-b + ⅇχ b + χ - b χ
 - 2 b -1 + ⅇχ PolyLog2,

b -1 + ⅇχ

-1 + b χ
 -

2 -1 + b -1 + ⅇχ PolyLog2,
-1 + b χ

b -1 + ⅇχ
 + 2 -1 + b -1 + ⅇχ

PolyLog2,
-1 + b ⅇχ χ

b -1 + ⅇχ
 + 2 b -1 + ⅇχ PolyLog2, -

b - b ⅇ-χ

χ - b χ


2

+

1

b
4 -1 + b χ - Logb -1 + ⅇχ - χ + χ + Log-b + ⅇχ b + χ - b χ

χ - 2 b χ - 2 ⅇχ χ + 4 b ⅇχ χ + ⅇ2 χ χ - 2 b ⅇ2 χ χ - 2 b χ2 + 2 b ⅇχ χ2 - b χ3 - ⅇχ χ3 + b ⅇχ χ3 +

2 b -1 + ⅇχ -1 + ⅇχ - χ χ Log[b] + Log[-1 + ⅇχ] - Logb -1 + ⅇχ - χ + χ -

b -1 + ⅇχ2 χ2 Logb -1 + ⅇχ - Logb -1 + ⅇχ - χ + χ +

b 1 - ⅇχ + χ2 Log
ⅇχ b -1 + ⅇχ - χ + χ

-b + ⅇχ b + χ - b χ
 - 2 b -1 + ⅇχ 1 + ⅇχ -1 + χ

PolyLog2,
-1 + b χ

b -1 + ⅇχ
 - 2 b -1 + ⅇχ -1 + ⅇχ - χ PolyLog2,

-1 + b ⅇχ χ

b -1 + ⅇχ
 -

2 b -1 + ⅇχ2 PolyLog3,
-1 + b χ

b -1 + ⅇχ
 + 2 b -1 + ⅇχ2 PolyLog3,

-1 + b ⅇχ χ

b -1 + ⅇχ


Limit for zero background:

In[19]:= AssumingpAssumptions, FullSimplify1  Limit1  σbSQ, b → 0, Direction → "FromAbove"

Limit : Warning: Assumptions that involve the limit variable are ignored.

Out[19]= -
2 χ2 2 + χ2 - 2 Cosh[χ]

n 12 + 12 χ2 + χ4 - 16 + 12 χ2 + χ4 Cosh[χ] + 4 Cosh[2 χ] + 4 χ3 Sinh[χ]

Limit for infinite pulse period:
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In[20]:= Limit[σbSQ, {χ → ∞}, Assumptions → pAssumptions]

Limit : Warning: Assumptions that involve the limit variable are ignored.

Out[20]= -
-1 + b b

n
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